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In continuous-variable quantum information, non-Gaussian entangled states that are obtained
from Gaussian entangled states via photon subtraction are known to contain more entanglement.
This makes them better resources for quantum information processing protocols, such as, quantum
teleportation. We discuss the teleportation of non-Gaussian, non-classical Schro¨dinger-cat states of
light using two-mode squeezed vacuum light that is made non-Gaussian via subtraction of a photon
from each of the two modes. We consider the experimentally realizable cat states produced by
subtracting a photon from the single-mode squeezed vacuum state. We discuss two figures of merit
for the teleportation process, a) the fidelity, and b) the maximum negativity of the Wigner function
at the output. We elucidate how the non-Gaussian entangled resource lowers the requirements
on the amount of squeezing necessary to achieve any given fidelity of teleportation, or to achieve
negative values of the Wigner function at the output.
PACS numbers: 270.0270, 270.6570, 270.5585
I. INTRODUCTION
Entanglement is a vital resource for quantum infor-
mation processing. In continuous-variable quantum in-
formation, a commonly used form of entanglement is
the two-mode squeezed vacuum state produced by the
process of down conversion. A strong pump emitting
photons at frequency ωp interacts with a nonlinear crys-
tal containing a second order nonlinearity, generating
pairs of photons at frequencies ωa and ωb, such that
ωa + ωb = ωp. The quantum state at the output of the
down-conversion process is given by
|ξ〉 = Sˆ(ξ)|0〉a|0〉b (ξ = reiφ)
=
1
cosh r
∞∑
0
einφ(tanh r)n|n〉a|n〉b, (1)
where Sˆ(ξ) = exp
(
ξaˆ†bˆ† − ξ∗aˆbˆ
)
is the two-mode
squeezing operator [1], r and φ are the squeezing am-
plitude and phase, respectively, and aˆ and bˆ are the
mode operators of the two-mode output field. An im-
portant property of this state is that its Wigner function
is Gaussian. The squeezing associated with this state
is (1 − exp(−2r))/2, or −10 log10 exp(−2r) dB. The en-
tanglement in the state, measured in terms of the log-
arithmic negativity, is given by εξ = log2
(
e2r
)
. Thus,
both entanglement as well as the squeezing are deter-
mined by the parameter r, which is proportional to the
amplitude of the pump field and the second order non-
linearity of the crystal. It is not easy to obtain large val-
ues of r unless one does down conversion in a resonant
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cavity. In the limit of r becoming infinitely large, the
two-mode squeezed vacuum state tends towards the ideal
EPR state [2]. Despite leaps in technological advance-
ment, the state-of-the-art vacuum squeezing for the two-
mode squeezed vacuum state, however, remains about 10
dB [3, 4]. Hence, techniques that improve the perfor-
mance of quantum information processing without de-
manding higher magnitudes of squeezing are vital com-
modities. In this regard, for any given amount of squeez-
ing, the two-mode squeezed vacuum state which is made
non-Gaussian via photon addition or subtraction [5], is
known to contain more entanglement than the two-mode
squeezed vacuum state [6–8]. Hence, non-Gaussian en-
tangled states should be better suited for quantum infor-
mation protocols [9–13].
In this review, we introduce the non-Gaussian entan-
gled states obtained by subtracting one photon from
each mode of the two-mode squeezed vacuum state. We
present a scheme that generates such states, and dis-
cuss the important properties and distinct features of
the states. We discuss the advantage of such states in
continuous-variable quantum information protocols. We
focus on the teleportation protocol [14–16], and discuss
the teleportation of non-Gaussian quantum states such
as the cat states, which are states of the form
|Ψcat〉 = N−1
(|+ α0〉+ eiθ| − α0〉) , (2)
where N =
√
2
(
1 + e−2|α0|2 cos θ
)
and | ± α0〉 are co-
herent states. States of the form given in Eq. (2) with
θ = 0 and θ = pi were introduced by Dodonov, Malkin
and Manko in ref. [17] under the names of “even and odd
coherent states”.
The teleportation of Gaussian states, such as the coher-
ent state, has been demonstrated in many experiments
since 1998 with high fidelities [18–21]. However, the first-
ever teleportation of a non-Gaussian state was carried out
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2rather recently [22]. Using the standard protocol for con-
tinuous variable teleportation due to Vaidman, Braun-
stein and Kimble [15, 16], with the two-mode squeezed
vacuum state as the entangled resource, Lee et al. tele-
ported a cat-like state of the form
|Φcat〉 = 1
sinh r
aˆSˆ(ξ)|0〉, ξ = ρeiϕ, (3)
where Sˆ(ξ) = exp
((
ξaˆ†2 − ξ∗aˆ2) /2) [1] is the single-
mode squeezing operator acting on the mode aˆ. An in-
put cat-like state |Φcat〉 of Eq. (3) of 75 ± 0.5% fidelity
with respect to the cat state |Ψcat〉 of coherent amplitude
|α|2 ≈ 1 and θ = pi was teleported, achieving an output
fidelity of 45±1% with respect to the same cat state [22–
24]. Lee et al. also observed that, the negativity of the
input Wigner function remained preserved at the output
in the experiment, which confirmed the transfer of the
non-Gaussianity of the state from the input to the out-
put. Further, they verified that the maximum negativity
of the output Wigner function was in good agreement
with the prediction based on a model for non-unity gain
teleportation given by Mista et al. [25].
The non-Gaussian entangled states obtained from
photon subtraction also find other applications in
continuous-variable quantum information apart from
quantum teleportation. These include loophole free tests
for Bell inequality violations using homodyne detec-
tion [26–29], quantum bit commitment that is robust
against Gaussian attacks [30], and quantum optical in-
terferometry for sub-shot-noise phase estimation (super
sensitivity) and sub-Rayleigh spatial resolution (super
resolution) with potential use in sensing, imaging and
lithography [31].
The non-Gaussian entangled states discussed here are
not the only interesting instances of such states. An-
other well-known example of an entangled state that
is non-Gaussian [32] is the N00N state [33] (|N〉|0〉 +
|0〉|N〉)/√2, which has many desirable quantum proper-
ties. In optical interferometry, the N00N state is capable
of super sensitivity and super resolution. More generally
one could think of a combination of two different Fock
states with N and M photons, and construct a state like
(|N〉|M〉 + |M〉|N〉)/√2 [34]. Instances of such states
have been shown to offer similar benefits as the N00N
state in optical interferometry, while being more robust
against photon loss than the latter [35, 36]. However,
the production of such states remains hard. Another im-
portant class of entangled non-Gaussian states are the
so-called vortex states [37–39], which can be obtained
from |N〉|M〉 by rotations of the form
exp(ipi(aˆ†bˆ+ bˆ†aˆ)/4). (4)
These states can be produced by launching single pho-
tons on beam splitters, or in two coupled waveguides. A
good way to test their quantum character is via entropic
uncertainty relations [40].
II. NON-GAUSSIAN ENTANGLEMENT
In this section, we discuss the generation, properties
and entanglement content of the two-mode squeezed vac-
uum state that is made non-Gaussian via photon subtrac-
tion. But first of all, let us review some properties of the
Gaussian two-mode squeezed vacuum state.
A. The two-mode squeezed vacuum state
The two-mode squeezed-vacuum state |ξ〉 is defined as
given in Eq. (1). The two-mode squeezing operation is
implemented, e.g., in a non-degenerate parametric down-
conversion process, which involves pumping a χ(2) non-
linear optical device with photons of frequency ωp, some
of which then get converted into a pair of photons—of fre-
quencies ωa and ωb, respectively, such that ωp = ωa+ωb.
The Wigner function of the two-mode squeezed vac-
uum state is Gaussian, and is given by
Wξ(α, β) =
4
pi2
exp
(−2|α cosh r − β∗ sinh r eiφ|2)
× exp (−2| − α∗ sinh r eiφ − β cosh r|2) . (5)
For quadrature operators xˆa, yˆa, xˆb, and yˆb defined in
terms of the mode operators aˆ, aˆ†, bˆ, and bˆ† as
xˆa =
1√
2
(
aˆ+ aˆ†
)
, yˆa =
1√
2i
(
aˆ− aˆ†) ,
xˆb =
1√
2
(
bˆ+ bˆ†
)
, yˆb =
1√
2i
(
bˆ− bˆ†
)
, (6)
the quadrature distribution of the two-mode squeezed
vacuum state is given by [8]
ψξ(xa, xb) =
1√
(1− η2)pi cosh2 r
exp
(
−1
2
(x2a + x
2
b)
)
exp
(
2xaxbη − (x2a + x2b)η2
1− η2
)
, (7)
where xa, xb are the eigenvalues values of the correspond-
ing quadrature operators, and η = eiφ tanh r.
The squeezing associated with the two-mode squeezed
vacuum state is given by
Sφ
2 +
pi
2
= −1/2(1− e−2r) ≤ 0, (8)
where it is calculated as
Sθ =
(
∆X
(d)
θ
)2
− 1/2,
X
(d)
θ = (dˆe
−iθ + dˆ†eiθ)/
√
2, dˆ = (aˆ+ bˆ)/
√
2. (9)
The entanglement content of the two-mode squeezed
vacuum state can be characterized using the logarithmic
negativity measure [41, 42], which is known to be a good
measure of entanglement for CV states. It is defined as
ε = log2 (1 + 2N ) , (10)
3where N is the absolute value of the sum of all negative
eigenvalues associated with the partial transpose of the
density operator. The logarithmic negativity of the two-
mode squeezed vacuum state is found to be [7]
εξ = log2
(
e2r
)
. (11)
B. The non-Gaussian two-photon-subtracted
two-mode squeezed vacuum state
The two-photon-subtracted two-mode squeezed vac-
uum state is defined as
|ξ〉TPS ∝ aˆbˆSˆ(ξ)|0〉|0〉 (12)
= 1√
1+tanh2 r
Sˆ (ξ)
(|0〉a|0〉b + eiφ tanh r|1〉a| 1〉b) (13)
= 1
cosh3 r
√
1+tanh2 r
∑∞
n=0 e
inφ(tanh r)n(n+ 1)|n〉a|n〉b,
(14)
where the state has been suitably normalized. This
state is generated from the two-mode squeezed vacuum
state given in Eq. (1) as follows. Consider the scheme
shown in Fig. 1. Parametric downconversion generates
the two-mode squeezed-vacuum state |ξ〉. Highly trans-
missive beam splitters, are placed, one in each of the two
modes of the two-mode squeezed vacuum state. These
beam splitters feed single-photon detectors (SPD-1, 2).
When the SPDs register a coincidence detection, the two-
photon-subtracted two-mode squeezed vacuum state is
heralded [43, 44].
pump laser
PDC SPD-1
SPD-2
vacuum
vacuum
T ≈ 1
T ≈ 1
Data aq.
aˆ
bˆ
FIG. 1: (Color online) A conditional measurement scheme,
wherein a photon is subtracted from each of the two modes
of the two-mode squeezed vacuum state. PDC stands for
parametric down-conversion, and the SPDs are single photon
detectors.
The Wigner function of the two-photon-subtracted
two-mode squeezed vacuum state is non-Gaussian, and
is given by
WTPS(α, β) =
4
(1 + tanh2 r)pi2
exp
(
−2
(
|α˜|2 + |β˜|2
))
×(
1 + 8α˜β˜ cosφ tanh r + (4|α˜|2 − 1)(4|β˜|2 − 1) tanh2 r
)
,
(15)
FIG. 2: A plot of the polynomial pre-factor in the Wigner
function of the two-photon-subtracted two-mode squeezed
vacuum state given in Eq. (15), for value of the squeezing
parameter r = 1. The labels x and y denote |α˜| and |β˜|,
respectively, and we set α˜β˜ cosφ = −xy. The plot takes on
negative values, which indicates that the Wigner function is
negative in certain parts of phase space.
where[
α˜
β˜∗
]
=
[
cosh r − sinh reiφ
− sinh re−iφ cosh r
] [
α
β∗
]
. (16)
(See Appendix A for details of the calculation.) Figure 2
demonstrates the fact that this non-Gaussian Wigner
function takes on negative values in certain parts of phase
space. The quadrature distribution of the two-photon-
subtracted two-mode squeezed vacuum is given by
ψTPS(xa, xb) = N
−1η(1 + η
∂
∂η
)ψξ(xa, xb),
η = eiφ tanh r, N = sinh r cosh r
√
1 + tanh2 r, (17)
where ψξ(xa, xb) is the quadrature distribution of the
two-mode squeezed vacuum state, given in Eq. (7).
Squeezing in the two-photon-subtracted two-mode
squeezed vacuum state, calculated similarly to Eq. (9),
is found to be:
Spi =
1
2
e−r
(
er − e−r)(e2r − e−2r
e−2r + e2r
− 2
)
. (18)
Further the entanglement content of the two-photon-
subtracted two-mode squeezed vacuum state based on
the logarithmic negativity defined in Eq. (10) is found to
be εTPS = log2
(
e4r/ cosh 2r
)
. (See Appendix B for the
derivation.)
It is interesting to note that the two-photon-subtracted
two-mode squeezed vacuum state, upon a basis change,
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FIG. 3: (Color online) The photon number distributions
for the two-mode squeezed vacuum state (dashed, blue) and
two-photon subtracted the two-mode squeezed vacuum state
(solid, red) for the squeezing parameter r = 1. P (n) corre-
sponds to the probability of finding n photons in each of the
two modes simultaneously.
can be shown to be a cat-like state. Consider the follow-
ing new basis:
aˆ+ =
1√
2
(
aˆ+ bˆ
)
, aˆ− =
1√
2
(
aˆ− bˆ
)
. (19)
In this new basis, the two-mode squeezing operator be-
comes
Sˆ(ξ) = Sˆ′+(ξ)Sˆ′−(−ξ), (20)
where Sˆ′+(ξ) = exp
(
ξaˆ†2+ − ξ∗aˆ2+
)
is the single-mode
squeezing operator, and likewise Sˆ′−(ξ) for the other
mode. Further, the two-photon-subtracted two-mode
squeezed vacuum state becomes:(
aˆ2+Sˆ
′
+(ξ)|0〉
)(
Sˆ′−(ξ)|0〉
)
−
(
Sˆ′+(ξ)|0〉
)(
aˆ2−Sˆ′−(ξ)|0〉
)
.
(21)
C. Characteristics of the non-Gaussian
two-photon-subtracted two-mode squeezed vacuum
state
We now elucidate the characteristic properties of the
non-Gaussian two-photon-subtracted two-mode squeezed
vacuum state in comparison to those of the two-mode
squeezed vacuum state.
1. Photon number distribution
Figure 3 shows plots of the photon number distri-
butions of the two states for the squeezing parameter
r = 1. We notice that the two-photon-subtracted two-
mode squeezed vacuum state has a higher weighting for
large photon numbers than the two-mode squeezed vac-
uum state—an observation made by Cochrane et al. in
Ref. [10]. Consequently, the probability of measuring sin-
gle photon coincidences in the two modes of the state
|ξ〉TPS is substantially reduced compared to that of the
two-mode squeezed vacuum state. Particularly, this ef-
fect is found to grow larger as the value of the squeezing
paramter r is increased. The ratio PTPS(1)/PTMSV(1)
for the squeezing parameter r = 1 (shown in Fig. 3) is
about 0.3, while its value dwindles to ≈ 6 × 10−8 when
r = 5.
2. Quadrature distribution and squeezing
As for the quadrature distributions, it is advantageous
to work with a rotated set of coordinates x1 and x2, de-
fined as
x1 =
xa + xb√
2
, x2 =
xa − xb√
2
. (22)
In terms of x1 and x2, the state |ξ〉 has quite a transpar-
ent structure in its quadrature distribution
ψξ(x1, x2) =
1√
(1−η2)pi cosh2 r e
− 12 ( 1−η1+η )x21e−
1
2 (
1+η
1−η )x
2
2 .
(23)
When φ = pi, as is well known, Eq. (23) has the EPR
form with a narrow peak at x1 = 0.
ψξ(x1, x2) =
1√
pi
e−x
2
1/(2e
−2r)e−x
2
2/(2e
2r). (24)
Fig. 3 shows the intensities |ψξ(x1, x2)|2 and
|ψTPS(x1, x2)|2 plotted as functions of x1 and x2
for values of the squeezing parameter r = 1 and r = 5.
We find that the plot of |ψTPS(x1, x2)|2 shows a dip at
x2 = 0. Since x2 ∝ xa − xb, the dip signifies a decrease
in the probability of finding photons at the same values
of position quadratures in the two modes for the state
|ξ〉TPS. Between Figs. 4(c) and 4(d), we find that the dip
at x2 = 0 is even more pronounced in the latter, which
corresponds to the larger value of squeezing parameter
r.
Figure 5 shows a comparison of the squeezing Sφ
2 +
pi
2
,
defined in Eq. (9), of the two-photon-subtracted two-
mode squeezed vacuum state and the two-mode squeezed
vacuum state. We see that the former contains more
squeezing than the latter for any value of squeezing pa-
rameter r, until the values corresponding to both con-
verge to −1/2.
3. Entanglement in terms of logarithmic negativity
Figure 6 (a) shows a plot of the logarithmic negativities
of the two-photon-subtracted two-mode squeezed vac-
uum state, the single-photon-added two-mode squeezed
vacuum state [45] and the two-mode squeezed vacuum
5(a) (b)
(c) (d)
FIG. 4: (Color online) (a) and (b) The intensity |ψξ(x1, x2)|2 as a function of x1 and x2, when the squeezing parameters are
chosen to be r = 1, φ = pi, and r = 5, φ = pi, respectively. (c) and (d) The intensity |ψTPS(x1, x2)|2 as a function of x1 and
x2 when the squeezing parameters are chosen to be r = 1, φ = pi, and r = 5, φ = pi, respectively.
FIG. 5: (Color online) The squeezing parameter of the two-
mode squeezed vacuum state (dashed, blue) and two-photon
subtracted the two-mode squeezed vacuum state (solid, red).
state, plotted as a function of the squeezing parameter r.
As one can see, in terms of log-negativity, two-photon-
subtracted two-mode squeezed vacuum state is more en-
tangled than the single-photon-added two-mode squeezed
vacuum state, which is in turn more entangled than the
two-mode squeezed vacuum state. The ratio ε˜ = 2ε/2εξ
magnifies the difference between the entanglement con-
tent of the photon-added or two-photon-subtracted two-
mode squeezed vacuum state with respect to the two-
mode squeezed vacuum state. Fig. 6 (b) shows a plot of
ε˜ for both the photon-added and two-photon-subtracted
two-mode squeezed vacuum state, as a function of the
squeezing parameter r.
III. QUANTUM TELEPORTATION USING
NON-GAUSSIAN ENTANGLEMENT
We now present some results on CV quantum tele-
portation using the two-photon-subtracted two-mode
squeezed vacuum state, and compare the performance
with that of the standard protocol, which uses the two-
mode squeezed vacuum state. In particular, we are in-
terested in the teleportation of the non-classical, non-
Gaussian Schro¨dinger-cat states |Φcat〉 of Eq. (3).
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FIG. 6: (Color online) (a) The log-negativity parameter ε for the two-mode squeezed vacuum state (dashed, blue), photon-
added (dot-dashed, black), and two-photon-subtracted (solid, red) the two-mode squeezed vacuum state as a function of the
squeezing parameter r. (b) The ratio ε˜ for photon-added (dot-dashed, black) and two-photon-subtracted (solid, red) the
two-mode squeezed vacuum state as a function of the squeezing parameter r.
EPR
χin(α)
aˆ bˆ
χepr(α1, α2)
χout(α)Alice Bob
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(µ
)
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FIG. 7: (Color online) A schematic of the VBK protocol for
CV teleportation. HD, CC stand for homodyne detection
and classical communication, respectively. EPR refers to the
entangled resource shared between Alice and Bob. In this
work, it is either the two-mode squeezed vacuum state or
two-photon-subtracted two-mode squeezed vacuum state.
To begin with, let us briefly describe the standard pro-
tocol for CV teleportation, first introduced by VBK (see
Fig. 7). Alice, who wants to transport a single-mode in-
put state to Bob, prearranges the sharing of an entangled
resource with him. She mixes the single-mode input state
(in mode aˆ′) with mode aˆ of the entangled resource on a
50:50 beam splitter. She then performs a homodyne mea-
surement on the beam-splitter-output modes and classi-
cally communicates the result µ = q+ ip to Bob. Assum-
ing balanced homodyning, the real and imaginary parts
of µ satisfy
1√
2
(xˆa′ − xˆa) |q〉 = q|q〉, 1√
2
(yˆa′ + yˆa) |p〉 = p|p〉, (25)
where xˆa, yˆa, xˆa′ and yˆa′ are the canonical operators
probed by the homodyne measurement, which are re-
lated to the beam-splitter-input mode operators aˆ, aˆ′
in a manner similar to the relation given in Eq. (6).
As a final step, Bob performs a displacement operation
Dˆ(µ) = exp(µbˆ† − µ∗bˆ) on the mode bˆ of the entangled
resource, which results in the recovery of the teleported
state.
Mathematically, the above protocol can be described
and analyzed in one of many alternative ways [46]. We
adopt an approach based on the use of characteristic
functions. Marian and Marian [47] showed that, assum-
ing ideal measurements and the case that Alice performs
balanced homodyne detection, the Weyl-ordered charac-
teristic function of the teleportation output (χout) can
be written in terms of those of the input (χin) and the
entangled resource (χEPR) as
χout(α) = χin(α)χEPR(α
∗, α). (26)
The Weyl-ordered characteristic function is related to the
Wigner function via a Fourier transform, as
W (β) =
1
pi2
∫
d2αχ(α)eβα
∗−β∗α. (27)
In the case of a single-mode pure state |ψ〉, it can be eas-
ily determined as χ(α) = 〈ψ|Dˆ(α)|ψ〉, where Dˆ(α) is the
displacement operator. The Weyl-ordered characteris-
tic functions of the entangled resources, namely the two-
mode squeezed vacuum state and two-photon-subtracted
two-mode squeezed vacuum state are given by
χξ(α1, α2) = e
−1/2(|ξ1|2+|ξ2|2),
χTPS(α1, α2) = χξ(α1, α2)
× 1−2Re[e
−iφξ1ξ2] tanh r+(1−|ξ1|2)(1−|ξ2|2) tanh2 r
1+tanh2 r
, (28)
respectively, where
ξk = αk cosh r + α
∗
l e
iφ sinh r, (k, l = 1, 2; k 6= l).(29)
7One figure of merit that is commonly used to gauge
the performance of teleportation is the fidelity of tele-
portation |〈ψin|ψout〉|2. It can be written in terms of
characteristic functions as
F = 1
pi
∫
d2αχin(α)χout(−α),
=
1
pi
∫
d2αχin(α)χin(−α)χEPR(−α∗,−α). (30)
For quantum teleportation to preserve some quantum
character of the input state, |χEPR|2 must have a mag-
nitude bigger than exp(−|α|2/2) [48, 49]. In the case
of a non-Gaussian input state, another important figure
of merit is the negativity of the Wigner function at the
output in comparison to that at the input.
A. Teleportation of Gaussian states
For the sake of completeness, we first present the tele-
portation of two of the most commonly-used Gaussian
states, namely the coherent state and the single-mode
squeezed vacuum state [13]. The characteristic functions
of the coherent and single-mode squeezed vacuum states
are given by
χcoh(α;α0) = exp
(−1
2
|α|2 + 2iIm [αα∗0]
)
,
χsqv(α; ρ, ϕ) = exp
(−1
2
∣∣α∗ cosh ρ+ e−iϕα sinh ρ∣∣2) ,
(31)
respectively. The optimal teleportation fidelities for
the above states when teleported using the two-mode
squeezed vacuum state and two-photon-subtracted two-
mode squeezed vacuum state, calculated based on
Eq. (30), are tabulated in Table I.
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FIG. 8: (Color online) A plot of the teleportation fidelity F for
coherent states, as a function of the squeezing parameter r of
the entangled resources, namely, the two-mode squeezed vac-
uum state (dashed, blue), two-photon-subtracted two-mode
squeezed vacuum state (bold, red).
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FIG. 9: (Color online) A contour plot of the teleportation
fidelity F for single mode squeezed vacuum states |ξ0〉 of dif-
ferent values of parameter ρ = |ξ0|, for different values of
squeezing parameter r of the entangled resources, namely, the
two-mode squeezed vacuum state (dashed, blue), two-photon-
subtracted two-mode squeezed vacuum state (bold, red).
For coherent states, the enhancement to the fidelity
of teleportation due to two-photon-subtracted two-mode
squeezed vacuum state is independent of the amplitude
of the state, as can be seen in Fig. 8. Figure 9 presents a
contour plot for the fidelity of teleportation of the sin-
gle mode squeezed vacuum state as a function of the
squeezing parameters r and ρ. The contours illustrate
the fact that at any value of the squeezing parame-
ter ρ of the single-mode squeezed state, two-photon-
subtracted two-mode squeezed vacuum state achieves the
same fidelity of teleportation as the two-mode squeezed
vacuum state while requiring a smaller amount of the
squeezing resource. Thus, two-photon-subtracted two-
mode squeezed vacuum state offers enhancement over the
two-mode squeezed vacuum state in the teleportation of
Gaussian states.
B. Teleportation of Schro¨dinger-cat states
We now discuss the teleportation of non-Gaussian,
non-classical Schro¨dinger-cat states. The characteristic
function of the cat state is given by
χΦ(α; ρ, ϕ) =
(
1− |α˜|2) e−|α˜|2/2,
α˜ = α cosh ρ− exp(iϕ)α∗ sinh ρ, (32)
1. Fidelity of teleportation
Once again, based on Eq. (30), the expressions for the
teleportation fidelity for the state |Φcat〉, when teleported
8State F1 F2
|α0〉 11+γ 1+2γ+5γ
2
(1+γ)3(1+γ2)
|ξ0〉 1√
1+2γ cosh 2ρ+γ2
1
4(1+γ)2
1(√
1+2γ cosh 2ρ+γ2
)5 × [c4γ4 + c3γ3 + c2γ2 + c1 + c0]
TABLE I: Teleportation fidelities for a coherent state |α0〉 and a single-mode squeezed vacuum state |ξ0〉, teleported using the
two-mode squeezed vacuum state (F1) and two-photon-subtracted two-mode squeezed vacuum state (F2), where γ = e−2r,
c4 = 3 cosh 4ρ+ 8 cosh 2ρ+ 9, c3 = 2 cosh 4ρ+ 32 cosh 2ρ+ 14, c2 = 11 cosh 4ρ+ 8 cosh 2ρ+ 21, c1 = 16 cosh 2ρ and c0 = 4.
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FIG. 10: (Color online) (Left hand side vertical scale) The
teleportation fidelity F1(2) for the optimal cat state |Φcat〉
corresponding to the state |Ψcat〉 with |α0| = 1 and θ = pi,
when teleported using the two-mode squeezed vacuum state
F1 (dashed, blue), and when teleported using two-photon-
subtracted two-mode squeezed vacuum state F2 (solid, red),
plotted as a function of the squeezing parameter r. (Right
hand side vertical scale) The ratio of the two fidelities F2/F1
(dot-dashed, black), plotted as a function of the squeezing
parameter r.
optimally [50] using the two-mode squeezed vacuum state
(F1) and two-photon-subtracted two-mode squeezed vac-
uum state (F2) are calculated, and found to be
F1(ρ, ϕ, γ) = 2+4γ cosh 2ρ+(1+3 cosh 4ρ)γ
2+4γ3 cosh 2ρ+2γ4
2(1+2γ cosh 2ρ+γ2)5/2
,
F2(ρ, ϕ, γ) = ΓˆF1(ρ, ϕ, γ),
Γˆ =
[
1 + γ
2(1+γ)2
2(1+γ2)
{(
1−γ
1+γ
)2
∂2
∂γ2 − 4 1−γ(1+γ)2 ∂∂γ
}]
,(33)
respectively, where γ = e−2r. (See Appendix C for the
derivation of F2.)
We now focus on the state |Φcat〉 corresponding to
|Ψcat〉 of coherent amplitude |α0| = 1 and θ = pi. The op-
timal choice ρ = 0.313 in Eq. (3) provides an input-state
fidelity of 99.7% [51, 52]. Fig. 10 shows a plot of the two
teleportation fidelities, and their ratio for the teleporta-
tion of the above cat state as a function of the squeez-
ing parameter of the entangled resource r. We see that
two-photon-subtracted two-mode squeezed vacuum state
offers substantially-enhanced fidelity over the two-mode
squeezed vacuum state for small values of the squeezing
parameter r (0 < r < 2). Figure 11 shows a contour
plot of the optimal fidelity of teleportation for the cat
state |Φcat〉 corresponding to different magnitudes |α0|
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FIG. 11: (Color online) A contour plot of the teleporta-
tion fidelity F for the optimal cat state |Φcat〉 correspond-
ing to the state |Ψcat〉 of different coherent amplitudes |α0|
and θ = pi, for different values of squeezing parameter r of
the entangled resources, namely, the two-mode squeezed vac-
uum state (dashed, blue), two-photon-subtracted two-mode
squeezed vacuum state (solid, red).
of |Ψcat〉 with θ = pi, as a function of the coherent ampli-
tude |α0| and the squeezing parameter of the entangled
resource r. (The squeezing parameter ρ for the different
input states |Φcat〉 is chosen such that the input-state fi-
delity is maximized.) The plot elucidates the persistence
of the squeezing benefit in using two-photon-subtracted
two-mode squeezed vacuum state in place of the two-
mode squeezed vacuum state for cat states of Eq. (2)
with increasing values of coherent amplitude |α0|.
2. Wigner function negativity
The Wigner function of the state |Φcat〉 of Eq. (3) is
given by
W (α; ρ, ϕ) =
2
pi
(
4 |α˜|2 − 1
)
e−2|α˜|
2
, (34)
where α˜ = α cosh ρ−exp(iϕ)α∗ sinh ρ. Based on Eq. (27),
the Wigner functions at the output of the teleporta-
tion process, when teleported optimally [50] using the
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FIG. 12: (Color online) Wigner function of the optimal cat state |Φcat〉 corresponding to the state |Ψcat〉 with |α0| = 1 and
θ = pi, at the output of the teleportation process, when teleported using (a) the two-mode squeezed vacuum state (left), (b)
two-photon-subtracted two-mode squeezed vacuum state (right). The squeezing parameter r is chosen to be 0.5. The Wigner
function teleported using two-photon-subtracted two-mode squeezed vacuum state achieves a much lower negative value (0.2)
than the value achieved by using the two-mode squeezed vacuum state (0.05).
W(x,y)
x y
FIG. 13: (Color online) Wigner function of the optimal cat
state |Φcat〉 corresponding to the state |Ψcat〉 with |α0| = 1
and θ = pi.
two-mode squeezed vacuum state (W1) and two-photon-
subtracted two-mode squeezed vacuum state (W2), are
found to be
W1(α; ρ, ϕ, γ) =
2
pi(1 + 4γ cosh 2ρ+ 4γ2)5/2
× exp
( −2
1 + 4γ cosh 2ρ+ 4γ2
(2γ |α|2 + |α˜|2)
)
×
[
(4|α˜|2 − 1) + 4
(
4 |α|2 − cosh 2ρ
)
γ
+ 16
(
3 |α˜|2 − 2 |α|2 cosh 2ρ
)
γ2 + 16γ3 cosh 2ρ+ 16γ4
]
,
W2(α; ρ, ϕ, γ) = ΓˆW1(α; ρ, ϕ, γ), (35)
respectively, where Γˆ is the differential operator given in
Eq. (33). Figures 13 and 12, show plots of the Wigner
function of the optimal cat state |Φcat〉 corresponding to
the state |Ψcat〉 with |α0| = 1 and θ = pi, at the in-
put and output of the teleportation process, respectively.
The Wigner functions in Fig. 12(a) and (b) correspond
to the output states of the teleportation process with
the two-mode squeezed vacuum state and two-photon-
subtracted two-mode squeezed vacuum state as the en-
tangled resources, respectively, at a value of the squeez-
ing parameter (of the entangled resource) r = 0.5. The
chosen value of r corresponds to that point at which the
ratio of fidelities F2/F1 is maximum in Fig. 10. We find
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FIG. 14: (Color online) Wigner function at the phase-space
origin for the optimal cat state |Φcat〉 corresponding to the
state |Ψcat〉 with |α0| = 1 and θ = pi, when teleported using
the two-mode squeezed vacuum state (dashed, blue) and two-
photon-subtracted two-mode squeezed vacuum state (solid,
red). Negative values of the Wigner function of the teleported
state are achieved at a smaller value of the squeezing param-
eter r for two-photon-subtracted two-mode squeezed vacuum
state (r = 0.2, against r = 0.35 for the two-mode squeezed
vacuum state, as indicated by the arrow).
that the Wigner function teleported using two-photon-
subtracted two-mode squeezed vacuum state achieves a
lower negative value (0.2) than the one teleported using
the two-mode squeezed vacuum state (0.05).
As is obvious from Fig. 13, the Wigner function of the
optimal cat state |Φcat〉 corresponding to the state |Ψcat〉
with |α0| = 1 reaches its maximum negative value at the
phase-space origin. Figure 14 shows a plot of W (0) of
the Wigner function of this state at the output of the
teleportation process, as a function of the squeezing pa-
rameter of the entangled resource r. The plot illustrates
the fact that the threshold value of the squeezing pa-
rameter r, above which the value of W (0) at the output
of the teleportation process becomes negative, is smaller
when two-photon-subtracted two-mode squeezed vacuum
state is used (r = 0.2), as compared to the value when
the two-mode squeezed vacuum state is used (r = 0.35).
Also, the former becomes more negative than the latter
in the range of 0 < r < 2.
In this investigation, we have not considered the de-
terioration of the fidelity due to finite efficiency of the
detectors. However, these can be examined by follow-
ing the standard procedure, e.g., as used by Olivares et
al. [11, 12].
IV. SUMMARY
In summary, we discussed the non-Gaussian entan-
glement that results from the subtraction of a photon
from each mode of a two mode squeezed vacuum state.
We highlighted many of the characteristic properties of
the two-photon-subtracted two-mode squeezed vacuum
state. We described a scheme that heralds the state,
and discussed how this state can be used as an entan-
gled resource for quantum teleportation. We showed
that the two-photon-subtracted two-mode squeezed vac-
uum state achieves quantum teleportation of the non-
classical Schro¨dinger cat states with a higher fidelity
than what can be achieved with two-mode squeezed vac-
uum light for the same amount of squeezing. Further,
we elucidated that the two-photon-subtracted two-mode
squeezed vacuum state also achieves a higher maximum
negativity of the teleported Wigner function than the
two-mode squeezed vacuum state for any given amount
of squeezing, thus, enabling better recovery of the non-
classical properties of the teleported state. Quantum
teleportation is just one illustration of the usefulness
of non-Gaussian entangled states in continuous-variable
quantum information. Other applications of such non-
Gaussian entangled states include loophole free tests
for Bell inequality violations using homodyne detec-
tion [26–29] and quantum bit commitment that is robust
against Gaussian attacks [30]—both being instances,
where Gaussian states cannot be used, and quantum op-
tical interferometry [31].
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Appendix A
Consider the expression for the two-photon-subtracted
two-mode squeezed vacuum state given in Eq. (13):
|ψ〉TPS = NSˆ (ξ) (|0〉a|0〉b + η|1〉a| 1〉b) ,
N =
1√
1 + tanh2 r
, η = eiφ tanh r. (36)
Let ρ˜ be the following density matrix:
ρ˜ = N2(|0〉〈0|a|0〉〈0|b + |η|2|1〉〈1|a|1〉〈1|b
+ (η∗|0〉〈1|a|0〉〈1|b + c.c.)) (37)
Its Wigner function can be constructed piece-wise as fol-
lows:
Wρ˜(α˜, β˜) = N
2(W|0〉〈0|(α˜)W|0〉〈0|(β˜)
+ |η|2W|1〉〈1|(α˜)W|1〉〈1|(β˜)
+ (η∗W|0〉〈1|(α˜)W|0〉〈1|(β˜) + c.c.)). (38)
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The Wigner functions of the vacuum state |0〉〈0|a and
the single-photon Fock state |1〉〈1|a are given by:
W|0〉〈0|(α˜) =
2
pi
e−2|α˜|
2
(39)
W|1〉〈1|(α˜) =
2
pi
e−2|α˜|
2 (
4|α˜|2 − 1) . (40)
The Wigner function corresponding to the off-diagonal
term |0〉〈1|a can be written as:
W|0〉〈1|(α˜) =
1
pi2
∫
d2α1〈1|Da(α1)|0〉 exp (−(α1α˜∗ − α∗1α˜))
=
1
pi2
∫
d2α1 α1e
− 12 |α1|2 exp (−(α1α˜∗ − α∗1α˜))
= − ∂
∂α˜
(
2
pi
e−2|α˜|
2
)
=
2
pi
e−2|α˜|
2 × (2α˜). (41)
Therefore, by combining the different pieces, we can write
the Wigner function of ρ˜ as:
Wρ˜(α˜, β˜) =
(
2
pi
)2
N2e−2(|α˜|
2+|β˜|2)
×
(
1 + 4α˜β˜ (η + η∗) +
(
4|α˜|2 − 1) (4|β˜|2 − 1) |η|2) .
(42)
As the final step, the Wigner function of ρ = Sˆ(ξ)ρ˜Sˆ†(ξ)
can be obtained from Eq. (42) using the change of vari-
ables given in Eq. (16).
Appendix B
The logarithmic negativity ε of a state can be calcu-
lated using the absolute sum of the negative eigenvalues
N = |∑i λi|, λi < 0 of the partial transpose of its density
operator ρPT, as ε = log (1 +N ). The partial transpose
ρPT corresponding to the state of Eq. (14) is given by
ρPT =
∞∑
n,m=0
cncme
i(n−m)φ|n,m〉〈m,n|,
cn =
tanhn r
cosh3 r
√
1 + tanh2 r
(n+ 1). (A43)
Clearly, the diagonal terms in Eq. (A43) are all positive.
The off-diagonal terms (n 6= m) in Eq. (A43) have the
form
|n,m〉〈m,n|ei(n−m)φ + |m,n〉〈n,m|ei(m−n)φ, (A44)
which can be diagonalized as
einφ|n,m〉+ eimφ|m,n〉√
2
× e
−inφ|n,m〉+ e−imφ|m,n〉√
2
−e
inφ|n,m〉 − eimφ|m,n〉√
2
× e
−inφ|n,m〉 − e−imφ|m,n〉√
2
.
(A45)
Thus, all the negative eigenvalues are −cncm, and hence
the logarithmic negativity parameter becomes
ε = log2
1 + ∑
n 6=m
cncm
 ,
= log2
∑
n
c2n +
∑
n 6=m
cncm
 ,
= log2
(∑
n
cn
)2
. (A46)
For the cn of Eq. (A43) corresponding to the two-photon-
subtracted two-mode squeezed vacuum state, (
∑
n cn)
2
=
e4r/ cosh 2r, while for the two-mode squeezed vacuum
state whose cn = tanh
n r/ cosh r, (
∑
n cn)
2
= e2r.
Appendix C
The fidelity of teleporation F , as given in Eq. (30),
involves the characteristic function of the entan-
gled resource χEPR(−α∗,−α). χξ(−α∗,−α) and
χTPS(−α∗,−α) of Eq. (28), at the optimal value of phase
φ = pi in Eq. (29), take the simplified forms
χξ(−α∗,−α) = e−γ|α|2 ,
χTPS(−α∗,−α) =
1 + 2 tanh r|α|2 + tanh2 r (1− |α|2)2
1 + tanh2 r
× e−γ|α|2 , (A47)
respectively, where γ = e−2r. The above expression for
χTPS can be written as a differential of χξ with respect
to γ as:
χTPS(−α∗,−α) = Γˆχξ(−α∗,−α), (A48)
where Γˆ is the differential operator given in Eq. (33). In
calculating the fidelity of teleportation using two-photon-
subtracted two-mode squeezed vacuum state based on
Eq. (30) (and also the Wigner function based on
(Eq. 27)), since the integration is independent of the pa-
rameter γ, Γˆ can be pulled out of the integral. Hence,
the final expression for the fidelity with two-photon-
subtracted two-mode squeezed vacuum state differs from
that with the two-mode squeezed vacuum state only in
having the differential operator Γˆ in front.
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